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Comment on ‘‘Experimental
Determination of the Discharge
Coefficients for Critical Flow
Through an Axisymmetric Nozzle”’

George Emanuel*
Los Alamos Scientific Laboratory,
University of California, Los Alamos, N. Mex.

ANG and Fenn' presented an excellent treatment of the

discharge coefficient C, for axisymmetric nozzles based
on experiments covering a wide Reynolds number range and
four different gases. They show good agreement with a
theoretical formulation? in the limit of an infinite value for
the pressure gradient parameter 3. This formulation takes the
form
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where 6* is the displacement thickness at the throat, r, is the
throat radius or throat half height for a two-dimensional
nozzle, and j=0, 1 for two-dimensional and axisymmetric
nozzles, respectively. The ;j dependence is added here to
facilitate later comparisons. The coefficient A depends only
on the ratio of specific heats vy, and the Reynolds number is
defined as ‘
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In Ref. 1, R is designated as Re},. Equation (2) is readily
derived from their work using viscosity u proportional to
temperature and standard isentropic relations. This relation is
also shown to facilitate later comparisons with other for-
mulations. In it, the zero subscript denotes stagnation con-
ditions, p is density, a the speed of sound, and r, the radius of
curvature at the throat. In this Comment, we compare the
Ref. 1 formula for Cj, with other versions, and some remarks
are made concerning the incorporation by Tang and Fenn of
the Prandtl number Printo Eq. (2).

Coles? determined 8* [see Eq. (43) in Ref. 3] under the same
assumptions as Tang, "' except that a two-dimensional nozzle
is considered. With nozzle area equal to 2r,, the usual isen-
tropic relations, Egs. (25) and (43) from Ref. 3, and Eq. (2)
above, we have at the throat of a two-dimensional nozzle

o oy (L) [ (DEE ) s o

2 3 3/ y+1 JRIZ

where the subscript designates Coles. Hence, Eqs. (1) and (3)
yield
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This result is confirmed by an independent derivation based
on Ref. 4 with an adiabatic wall and a composite boundary-
layer solution [Eqs. (13) in Ref. 4]. This composite solution is
identical to the one used by Tang.? The A coefficient
provided by Tang and Fenn! differs slightly from Eq. (4),
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This reason for this descrepancy is not clear; however, Eq. (5)
provides better agreement with experiment. !

As in Ref. 1, Kuluva and Hosack® assume adiabatic nozzle
flow. Their derivation for Cp, however, does not assume
large 8. They assume instead a minimum for the displacement
thickness at the throat. Their result for Cp [Eq. (10) in Ref.
5], when r./r, is not large compared to unity, agrees superbly
with their data down to a Reynolds number of 50, where they
define Reynolds number as
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Tang and Fenn! point out that their numerical solutions for
B8 =1 and 2 showed that Cj, is insensitive to 8. As can be seen
from the ¢, =1 curves in Fig. 2 of Ref. 4 (this curve is for
adiabatic flow when Pr=1), the dependence of 6* on 3 is very
weak in this case. Thus, Refs. 1, 4, and § agree on a weak 3
dependence for adiabatic flow.

Certainly, the adiabatic assumption is often justified. When
this is not the case, however, the 8 dependence is strong,* and
even small heat transfer rates may have a non-negligible effect
on Cp.

In view of the similar nature of Refs. 1 and §, it is in-
teresting to check their respective values for A (v). We readily
obtain Ay by combining Egs. (1) and (6) with Eqgs. (10) and
(12) in Ref. S. Table 1 shows A for two values of y, where A
is given by Eq. (5). Agreement is satisfactory, with Ref. 5
yielding a higher value for C,. For example, at R =100 and
v=1.67, the Cp’s are 0.694 and 0.722 for Refs. 1 and 3,
respectively. A comparison of experimental data for Ar, at
about R=200 (keeping in mind the difference in Reynolds
number definition) also shows good agreement.

In Ref. 1, the data slightly exceed their theoretical Cp, at R
values near 200 or less. The C, given by Ref. 5 [Eq. (10) in
Ref. 5], which has no Prandtl number correction, is in better

Table 1 Comparison of 4 ()

Y ATF AKH
1.4 1.36 1.19
1.67 1.53 1.39

Table 2 Prandtl number fora
He-Ar mixture
(X = He mole fraction)

X Pr

0 0.680
0.2 0.487
0.4 0.409
0.6 0.385
0.8 0.420
1 0.667
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agreement with this data. In Ref. 1, however, the discrepancy
is empirically corrected by inserting a square root of the
Prandtl number in R. If this dependence is correct, it can be
verified for a monotonic gas (which is free of rotational and
vibrational relaxation effeéts) by using, for instance, a
mixture of He and Ar. (Reéference 1 shows data for both He
and Ar but, unfortunately, not for a binary mixture.) Table 2
shows the Prandtl number for such a mixture computed by
formulas contained in Ref. 6. The change in Prandtl number
with mole fraction appears to be adequate for the proposed
verification. ‘
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Reply by Authors to G. Emanuel

S.P. Tang*
TRW Defense and Space Systems Group,
Redondo Beach, Calif.
and
J.B. Fennt
Yale University, New Haven, Conn.

E appreciate Emanuel’s favorable remarks but we are

puzzled at his attempt to compare directly the result of
Coles for a two-dimensional planar nozzle with that of Tang
for the axisymmetric case. Surely it would be even more
remarkable if there were no discrepancy between-the A values
of his Eqgs, (4) and (5). Nor should it be surprising that Eq.
(5), which relates to the axisymmetric nozzle, agrees better
with our experimental data than does Eq. (4), which relates to
the two-dimensional planar nozzle. Our data were obtained
with axisymmetric nozzles.

With respect to the derivation of Kuluva and Hosack, we
note that the pressure-gradient parameter 3 was not in-
corporated in their analysis. Thus, they did not assume any
particular value. Our choice of the 8= curve for com-
parison with the data stems from the fact that only for this
case is a solution possible in closed form. Even more im-
portant, as pointed out in the paper,! the actual nozzle
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contours relate much more closely to 8= than to other
values. As we also pointed out, the theoretical Cj, for =1 is
in much better agreement with the data than the C, for 8 = co.
Indeed, the agreement is even better than with the Cp, values
of Kuluva and Hosack, which, as Emanuel points out, do
match the data better than our values of Cp for §=c0. The
point is that sheer consistency with experiment is not in itself a
sufficient criterion for evaluating a theory. One can always
force a better fit by empirical means of the kind used by
Kuluva and Hosack in improving the fit to some of their data,
or as we could in our case by arbitrarily picking the 8 value
which gives the best fit. We felt that an empirical adjustment
based on a modified Prandtl number was more defensible
than choosing a 8 which was neither physically realistic nor
analytically convenient. )

In this connection, we find Emanuel’s suggestion that
measurements be made with mixtures of helium and argon in
order to probe the true effect of Prandtl number interesting
and constructive.
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Comment on ‘‘Unconstrained
Variational Statements for Initial
and Boundary-Value Problems’’

C. V. Smith Jr.*
Georgia Institute of Technology, Atlanta, Ga.

HE first observation is a question of semantics directed to

Simkins (and others—he is probably in good company)
concerning the use of the word “‘variational.”’ If a functional
exists for which the vanishing of the first variation leads to a
physical law, then there exists a variational principle. If a
functional does not exist, then it is meaningless to speak of a
variational statement. In reality, the formulation presented in
Ref. 1 is nothing more than the method of weighted residuals
with weighting functions expressed in terms of the trial
functions of the approximation—that is, a generalized
Galerkin formulation. For this procedure, if the ap-
proximation function is denoted by y(¢) =Za,¢, (), then the
weighting function is selected to be Y (f) =Lb, ¢, (). Next, if
b, is denoted by éa,,, it is possible to write ¥ (¢) =8y (¢); and
the appearance of the symbol ‘‘6’’ would appear to be the only
justification for the term ‘‘variational statement.’”’ It is the
contention of this writer that such a term is confusing,
nonprecise, and really unnecessary. When there is no func-
tional, and therefore nothing to vary, then be precise and
identify the formulation as one of the methods of weighted
residuals.

Much of Ref. 1 is involved with identification of the
Lagrange multipliers through integration by parts. When
doing this, there is an implication (certainly there is no explicit
statement to the contrary) that the Lagrange multipliers so
obtained are the only possible values. In other words, there
appears to be an implication that it is necessary to eliminate
the so-called redundant boundary terms through suitable
definitions of the 6A. However, after, the procedure is
identified as a method of weighted residuals, then it becomes
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